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On the mechanics of a magnetohydrodynamical
twin wake
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Department of Aeronautical Engineering, Faculty of Engineering, Kyoto University
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In this paper, we consider the elementary processes involved in the appearance
of a simple twin wake in the two-dimensional steady aligned flow of an electric-
ally conducting viscous incompressible fluid in a uniformly applied magnetic
field. Fundamental relations between the twin wake and its elementary process
are generally discussed, and the corresponding initial-value problem is for-
mulated. Then, the solution of the initial-value problem corresponding to the
above simple twin wake is obtained, and two limiting cases with the magnetic
Prandtl number near one and zero (or infinite) are discussed in detail. In both
cagses, it is found that negative vorticity appears in between the main positive
vorticity associated with the two Alfvén spots. This fact gives some clue to the
understanding of the property of twin wakes. As an application, the crossed-flow
case is also discussed, and a conjecture upon the vorticity distribution is made.

1. Introduction

In this paper, we shall restrict ourselves to the two-dimensional motion of an
electrically conducting viscous incompressible fluid in a uniformly applied
magnetic field. The study of steady small perturbations in an aligned uniform
field is fundamental in magnetohydrodynamics and has attracted the attention
of several authors (see, for example, Greenspan & Carrier 1959; Hasimoto 1959,
1960; Lary 1962; Yosinobu & Kakutani 1959; Yosinobu 1960). Among the
characteristic features hitherto found, the most interesting for us is the appear-
ance of a twin wake: one of these always extends to infinity downstream and the
other to infinity up- or downstream as the Alfvén number is smaller or larger
than one. The latter becomes thinner as the magnetic Prandtl number is decreased
(or increased) from one, and disappears in the limit of zero (or infinite) Prandtl
number, while the other retains a definite width even for the above limits.

By what mechanism do these wakes appear? And more especially, by what
mechanism does a wake disappear in the limits? The first question seems, at
first sight, self-evident from an intuitive point of view. Yosinobu assumed, in
analogy with the classical diffusion process, that point vorticity shed instan-
taneously from the origin into the fluid at rest diffuses in the vicinity of the two
Alfvén spots emanating from the origin with the Alfvén speed (figure 1), and
answered the first question in the following manner: the wakes can be taken as
the pattern of the diffusion process of the vorticity shed continuously from the
origin into the uniform flow. This might seem to be a complete answer, but, as
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will be shown later, it is only complete when the magnetic Prandtl number
is equal to one. Moreover, there remains the problem of why and how one can
proceed on the basis of the analogy with the classical diffusion process. Thus,
an apparently simple first question is in reality very difficult. The difficulty will
become clearer if one considers the first question in connexion with the second.

In this paper, we consider the above two questions anew from the unified
point of view that any phenomena in the steady flow can be explained by a
corresponding elementary process which is universal with respect to the velocity
of the uniform flow. In §2, we consider the relations between the twin wake
and its elementary process, and formulate the corresponding initial value
problem. In §3, the above questions with respect to a simple twin wake are
considered and an elementary process including Yosinobu’s assumption as a
special case is obtained. Limiting cases with the magnetic Prandtl number
near one and zero (or infinite) are discussed in detail, from which an intuitive
answer can be given. As an application of the theory, the steady small perturba-
tions in the crossed uniform flow are considered in § 4, and a conjecture upon the
extensions of Hasimoto’s result (Hasimoto 1960) to the case, when the magnetic
Prandtl number is near one, is given.

2. Relations between the twin wake and its elementary process

In considering the elementary process, we agssume that the disturbances in
the fluid, which is initially at rest and in a uniform field iB,, are small. The
equations governing the motion can then be linearized and in a M.K.S. system

of units are curl & = —ob/oF, (2.1)
pe=0, (2.2)

curl b = 4j, (2.3)

divb =0, (2.4)

j=o(é+Vxi By, (2.5)

divy = 0, (2.6)

o 0¥/[0F = —grad P+ pvA¥+J x i, By, (2.7)

where & is the electric field, j, the electric charge density, i, B, + b the magnetic
induction, j the electric current density, ¥ the velocity, p, + 7 the pressure, p, the
undisturbed pressure, p, the density, x the magnetic permeability, o the electric
conductivity, v the kinematic viscosity, (&,#,%2) the right-handed cartesian
co-ordinates system with the #-axis in the direction of i, and the tilde over each
letter indicates that the letter is a variable in the fluid at rest, respectively. In
the above equations, the assumption of two-dimensionality

¥ = (,5,0), b=(b;5;0), 09/6z=0, (2.8)
is used implicitly, so that & and § must be understood to be of the following form:

€ =(0,0,%), j=1(0,0,9. (2.9)
39-2
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Operating with curl on (2.5) and (2.7) and eliminating & by (2.1), we obtain

L@ 7,8)] = — (Bolp) 00/0%, (2.10)

&30 = o/Po 0j/oZ, (2.11)
where 1(&,4,F) = vA —0/0F, = 02/0&2% + 0%/0§?,
and & = 07/0% — 0%[0§ is the vorticity and v,, = (uo)~! the magnetic diffusivity,
respectively.

Eliminating j (or @), we obtain
L@, §,) (‘;’) o, (2.12)

where L(&,4,1) = L&, 4,5, (£,7,1) — aZ, 0*[0&2,

and a,, = (Bg/up,)t is the Alfvén speed. Equations (2.10)—(2.12) reduce to those
appropriate to the propagation of Alfvén waves in the special case when

the full equations are generally taken to represent the diffusion of the Alfvén
waves.

Indeed the latter is the case at sufficiently large distances from the centre of
the disturbance, as can be seen by putting equation (2.12) in the form:

0 0 _x\ {90 0 _x\~ 2 o~
(a'f_am@%_VA) (8E+a’"8i—VA) & =—3Hv—r,)2 A%, (2.12a)

when v = }(v +v,,). At very large distances all gradients are small and the lowest
order derivatives must predominate, so that the right-hand side of the above
equation will be small. Neglecting the right-hand side, the resulting equation
tells us that diffusion takes place about the two Alfvén waves with diffusivity
equal to the algebraic mean of the magnetic diffusivity and viscosity. The same
is true if the magnetic Prandtl number is unity, since the right-hand side
disappears also in that case.

At distances closer to the origin of the disturbances it may be thought that the
fourth order term in the right-hand side of equation (2.12 @) might contribute to
the motion, and it is this effect which we seek to examine. Of necessity it must
be stressed that the above equation is the result of linearizing the equations of
motion, and though this might be true at large distances, it may not be true at
smaller distances. However, there might well be a restricted region depending on
the size and nature of the disturbance, where linearization is valid but where the
right-hand side makes a definite contribution. It is in such a region that the
results of this paper will be applicable. Since the peculiarity of such diffusion
phenomena in incompressible fluid is expected to be clarified by the study of
7 and @, we shall restrict ourselves to it. Further, if we restrict ourselves to the
disturbances emanated from the finite part in the space, we require the following
boundary conditions:

J—>0 and &®—>0 as #4452 0. (2.13)
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The linearized basic equations for the steady small perturbations in the
uniform flow v, = (u,, 4, 0) can be obtained by applying the infinitesimal Galilei
transformation

€=e+Vv,xb, (2.14)

Pe = Pes (2.15)

b = b, (2.16)
i=i (2.17)
v=v, (2.18)
P=p, (2.19)
(Z,§,2) = (x—uot, y —vot,2), (2.20)
=t (2.21)

>

on the above equations and neglecting the terms with ¢/¢f. The equations for
jand = 0v/ox —Ou/dy are as follows:

L@, Y. X[Vo)J = — (Bo/p) 000, (2.22)
Lz, y,X[Vo) 0 = — (By/p,) 0j [0z, (2.23)
L(z,y, %/, (;’) -0, (2.24)

where /v, in the operators indicates that 0/of in the original operators is changed
into (v,.grad).

Since the above equations are linear, j and w can be obtained by the super-
position of 7 and @ as follows:

.7:f j(x_u0t>y'—v0t7t)dt> (225)

0

w:f O(x—ugt, y—vyt, t) dt. (2.26)
0

The boundary conditions (2.13) are then transformed as follows:
j—>0 and 0—>0 as x2+y?-—> 0. (2.27)

These equations are the mathematical expression of our intuitive expectations
that the steady perturbations can be constructed by the unsteady ones shed
continuously into the uniform flow and that each of the latter reduces to that
in the fluid at rest if observed on the basis of a co-ordinate system moving with
the uniform flow. Substituting these into the left-hand side of (2.22) and (2.23)
and taking into account (2.10) and (2.11) and assuming that j—> 0 and & - 0
as [ - o0, we obtain

L@y, X[ve)j + (Bo/n) dw[ox = —j(x,y,0), (2.28)
Lz, y,X[Vy) w+ (Byfpo) 0oz = — d(x,y, 0). (2.29)
The steady perturbations constructed as above have the source corresponding
to the initial perturbations, as will be expected from their construction. On the

other hand, since the equations of the form (2.28) and (2.29) are those of the
singular solution representing the twin wake, the above can be taken as showing
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the one-to-one correspondence between the twin wake and theinitial perturbation.
The initial perturbation may depend on v,. However, since the range of its
values can be covered by the family of it independent of v,, we shall restrict
ourselves to the family, hereafter. This restriction represents our point of view
that any phenomena in the steady flow can be explained by the corresponding
elementary process universal with respect to v,.

On the basis of the results obtained above, we shall discuss the unsteady
formation of a simple twin wake satisfying the singular equations (2.28) and
(2.29) and the boundary conditions (2.27) by means of the solution of (2.10)
and (2.11) satisfying the boundary conditions (2.13) and the initial conditions

7=7#90) and &=@&@&#0) for F=0, (2.30)

where the right-hand sides are independent of v,. Since the initial values of
Ji and @; can be obtained from those of j and @, or alternatively those of 7 and j;
by those of @ and @; (see (2.10) and (2.11)), the above initial-value problem is
equivalent to the problem of solving (2.12) with respect to @ under the boundary
condition (2.13) and the initial conditions

@ = &%,9,0) and @ = @(#,7,0) for I=0. (2.31)
Therefore, we shall further restrict ourselves to the consideration of @ and discuss

only the vorticity wake by the solution of the above form of initial-value problem.

3. Elementary process of a simple twin wake

Let us consider a small perturbation in the aligned uniform flow v, = (u,, 0, 0)
represented as follows:

Wy = ~§1 we (2, ), (3.1)
where wy; = (2m)~lexp (3k;2) Ko(3 |k;| 7), 7= (@2+y2)}, (3.2)
k’i = [uO(V + Vm) - ( - l)i {’LL%(V + Vm)2 - 4VVm(u(2) - a?n)}%]/zvvm: (33)

and K, is the modified Bessel function. As has been shown by previous authors,
wy; is nearly zero almost all over the flow field at a great distance from the origin
except in the wake near the z-axis, extending to infinity down- or upstream as
k; is positive or negative, and having a width roughly proportional to {|z|/|k;|}?.
Thus, w, represents a simple twin wake one part of which extends always to
infinity downstream while the other to infinity down- or upstream as the Alfvén
number 4 = w,/a,, is larger or smaller than 1 (figure 2). w, is symmetric with
respect to v and v,,, and the wake represented by wy becomes thinner as the
magnetic Prandtl number £, = v, /v is decreased (or increased) from 1 and dis-
appears in the limit of zero (or infinite) P, while the other retains a definite width
even in these limits. Since the widths of the wakes in the case with P, = 1 are
proportional to {v |z|/(u,+ a,,)}t and {v |/|u,—a,,|}}, We can expect an elemen-
tary process similar to that assumed by Yosinobu (figure 1). Since the parts in
the general width {||/|k;|}# corresponding to %, and a,, are proportional to %,
and {u3(v+v,,)?— 4wy, (ud—a,)}}, we must make an extraordinary assumption
about the speed of emanation of the centre of the diffusion if we want still to
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accept Yosinobu’s assumption for the general case with P,, + 1. However, such
a fact is nothing but the indication of the impropriety of the above assumption.

Now, it can be shown by the method of Fourier integrals that the above simple
twin wake satisfies the following singular equation:

Lz, y, x/uy) wy = — {200, A —uy(v +v,,) 0/0x} 6(, y), (3.4)

where ¢ is Dirac’s delta function. Comparing this with

L(z,y, x/ug) wy = { — (v + v,,,) Ay + 00/ 0F + 2, 06 OF) |70 (3.5)
il BO
—— e -
ST ”—‘\\\
I’ \\ // \\
{ } { 1
‘\\\ /II \\\ ,//
¥

Ficure 1. Yosinobu’s assumption for the elementary
process of MHD twin-wake formation.

obtained by the elimination of j from (2.28) and (2.29), we obtain the following
initial conditions for the elementary process of the above twin wake:

@o(Z, §,0) = (v +v,,) 8(Z, %), (3.6)
0a,/0UE, §,0) = (v2+v3,) A8(%, 9), (3.7)

where use is made of the fact that @, is independent of u, and that & = x and
g =y at{ = 0. As is expected from the property of w,, the basic equations of the
above elementary process ((2.12), (2.13), (3.6) and (3.7)) are symmetric with
respect to v and v,,. Since the solution for the case with £, > 1 can be obtained
from that for P, < 1 by the exchange of » and v,,, we can restrict ourselves to
the latter case. Similar restriction to a consideration of the first quadrant can
be effected because of the symmetry with respect to # and 7.

The solution of the previous initial-value problem with the above initial con-
ditions can be obtained by the method of Fourier integrals. However, since the



616 Takeo Sakurar

calculations involved are straightforward and lengthy, only the results are
given:

Wy = @ + Dy 1+w2 2 (3.8)
&, f Qyede (3.9)
{G2+1))
Z exp (— Byy,) [{o 22+ 1) 7H + X3} Jo(Rugg) + XigJ1(Ripi)], (3.10)
where €1 = (V + Vm) + (V - Vm) 22:
10 = ay HEE4 D~ (= 1), ]
Xys5 = D%y T, (3.11)
Ny = V4 ) TV = V| 2(0 +2) 11, ]
Ry = @y +9%) 2747,
1
o = (=) D) [ Obag, (3.12)
- 2

Qy = ;1 exp (— Roy;) [oa Rogild o (Bags) — Jo( Bz}
+ 29793 (Roy; — 1) Jo(Rao;) + 2925(2 R gy — 1) 1 (Rae4)], (3.13)
Oro = = (1) (= () [ b {m”} &, (3.14)

0
2

Qyp = 'gl exp (— Byy;) (13227 HJ o (Rop;) — Jo(Roas)}

+ 2051 M22 I 1 (Rao;) + 73, I o( Baai) ], (3.15)
where G=W+r,)2+(E2-1)(v—v,)%

e = (o~ (=12 7, 10

No: = (V + Vm) gé—l{(g2 - 1)% IV - le (V + Vm)_l}i_la
Ry;; = "721'7'3,'(25)_1,

and the J, are ordinary Bessel functions. In the course of the calculations, we
use the formula of Sonine and Gegenbauer:

f : J (bt) HP (a(t? + a2)}) (82 + a2)~b g1t

{(b/‘/a”) (@2 =82} ap—+1HD ,_ (x(a2—b2)}) for a > b,

2262/ av){ bz_az)% ap—+1K, e o (x(8? _ag)%) for a < b;} (3.17)

the formula of Laplace transformation:

+i0
(2mi)L f T b b K (5S) erl dp
c—~10

. {0 for 0 <t <b,
ety I, y(ay) for ¢ >0,

where S = (pZ_a‘a’)i, y = (t2_b2)1};

(3.18)
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J, (@) = 2=/2) " m T3 —

K, (az) = (2z/a)* T(n+ )7

1

Jo@) = (2/m) f (

0

the formulae for the integral representation of the Bessel functions:

n)fw(tz— 1)~+D sin zt dt,

1

-3 f (2 + )=+ cos at dt,
0

1—#2)~% cos atdt;

i, B,
i, Uy
—-
I
e
LAV
Y4 I
—
| S S
S~fee_L . TTTT T
A>1
i, B,
e e
i U,
r——
______ - _——"'__—————
i tatainin it
’ }
~d i
~———mm
—’// ———————————————
A<

Ficure 2. MHD twin wake.

the formula of the Fourier integral:

617

(3.19)

(3.20)

(3.21)

f ) p2rexp (—a®p?) cos prdp = (— 1) 2—n-1g-2n-lexp (—z2/4a?) He,, (2 x/a)
0

(3.22)

(see, for example, Magnus & Oberhettinger 1948 and Erdélyi 1954), the usual
technique of the contour integral and assume that the order of the integrations

can freely he exchanged.
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Since it is prohibitively difficult to perform the above integrations.for the
general case, we restrict ourselves to the two typical limiting cases: (1) B, + 1
and (2) B, = 0 (or P, = o0).

(1) Case with P,, + 1. By expanding @, with respect to {v —,,| and retaining
the terms up to the order O(|v —v,,|?), we obtain the following result:

Dy = (4mrl)™! }2] exp {—73/2l(v +v,,)}
i=1

(v (16a,) 21850 4 1, )3} ex {— PP/20(0 + )

|1+ 22 ) -2 )

x {1 -2t é erfe (;/{2H(v + Vm)}%)}
i=1

—{2mi(v +v,)}

1

A1 — (B4 202) [T (v +v,,)} exp { — T3/ 28(v + Vm)}] , (3.23)

 Irae

where

8

c=a - (—1)E, =B+ (3.24)

(2

When P, = 1, the vorticity diffuses in the vicinity of two Alfvén spots emanating
from the origin with the Alfvén speed showing the correctness of Yosinobu’s
assumption. However, if P, differs slightly from 1, these main vorticities behave
as if v becomes the algebraic mean of » and v, and further there appears the
region of negative vorticity diffusing roughly uniformly in between these main
vorticities (figure 3).

Substituting (3.23) into (2.26), we obtain

wy 2 (2m)7) él exp [z{uy— (= 1)t a,,} (v + v,) ] Kofr |ug— (— 1)2a,| (v +v,,)}
—(v—v,)2 {47ma,, (v +v,,)%}?
X .é {ug—(— 1)t a, 12 exp [w{ug— (— 1)@}/ (v +v,)] (= 1)

x [ZKo{r [ug— (= 1)@, | [(v +v,,)}
— (rfuo— (= 1) ap}/ g~ (= 1) ap|) Kofr [ug— (= 1) a,| /(v +vp)}],  (3.25)

where v, = (u,, 0, 0) has been used. The above agrees completely with the expan-
sion of (3.1) with respect to |v —,,| up to the order O[(v —»,,)?] showing that our
procedure is perfectly correct. Applying the asymptotic expansion of K, to
(3.25), we can show that the strength of both wakes is weakened and the degree
of the weakening is larger for wy;. This fact can be understood as the result of
the cancelling action of the negative vorticity.

(2) Casewith P, = 0 (or P,, = o0). In this case, we cannot carry out the simple
expansion and thus cannot obtain a unified analytical expression as above. We
therefore restrict ourselves first to the asymptotic behaviour of the vorticity
distribution on the positive part of the #- and the §-axis for large 7, and then
conjecture upon its overall behaviour. By applying the usual method of cal-
culating the asymptotic expression for the integral, we obtain the following
results.
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On the Z-axis:

@y < vi(dma,, it)1

Wy

where

2
x I:ﬂ_’} + 2% f {I,(s) = TIy(s)}e—sstds
0

—(2m¥)—1 fw et §—1d§] for &~ O(f?), (8.26)
(ant)~*

= v¥(4ma,, 1)1 {282 12(1 — k) 221}

X [(277)—’}fm{l —k—(3+k)/88...}exp{—(1—k)S[k}dS
2%

&~ 0),

2k
+ fo {1,(8) — kIy(S)} St exp (— S/k) dS] for a7 (3.27)

il BO

Y e
o o ________ i )
\(//«‘/_é:/_{_.-_::___—:__.f___::_____“___f\\_//: ,/,/

Ficurt 3. The elementary process in the case with P, =~ 1.

k= {1 @a,hBh,

@y = (4ml)Lad 2E2exp (—«?)

where

—v¥(4ma,, 1)1 [{(2m)2/16} {1 + erf (x)}
+ 2381k (15 4+ 2k2)exp (—k2)] for %~ a,f, (3.28)
K = (anl—E)/(201)},

wo 2 vi(dma,, i)~ (2m)t (22)al ) (2F (L, §; 1; — K% - 2F(}, 15 1; — K?)

where

NOE)a

> a,,l,

K &

+2(1-3K*F3,%; 2; —K?)} for
K = {#%(a,,b)2— 1},

(3.29)

and F is the hypergeometric function.
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On the j-axis:
@y = —vi(dma,, t3)~1 2-1exp (— §2/8vi)
x [(40E[i2)2 W, o(i72/40E) — 2W 4 (52 49)], (3.30)

where W is the Whittaker function. The vorticity distribution on the Z-axis is
shown in figure 4, and the conjecture upon the asymptotic behaviour of the
overall vorticity distribution is given in figure 5.

@y

AN VAN

a,

~¢

™m

Fiaure 4. Vorticity distribution on the #-axis in the case with P,, = 0 (or o).

Fieure 5. The elementary process in the case with P,, = 0 (or c0).
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As in the previous case, the main positive vorticity diffuses in the vicinity of
two Alfvén spots emanating from the origin with the Alfvén speed, and the
negative vorticity diffuses in between these. An important difference between
these limiting cases consists in the fact that the negative vorticity now con-
centrates in the viecinity of the origin. Thus the disappearance of a wake in this
limit can be understood as the result of the complete cancellation of the rear wake
©y; by the interference between a part of the main vorticity and the negative
vorticity.

The above expected cancellation of wakes is obtained from a consideration
of a special simple case. However, the fact that the wakes cancel because of the
interference between the vorticity regions with opposite sign will be the key to
understanding the property of magnetohydrodynamical twin wakes.

4. A conjecture upon the vorticity distribution in a uniform flow crossed
by the magnetic field

The results in the previous section were obtained with special regard to the
unsteady formation of a simple twin wake in the aligned uniform flow. How-
ever, since they are universal with respect to the velocity of the uniform flow,

FIcURE 6. An oblique twin wake in the case with P,, = 1.

we can apply them to the case where the uniform flow is crossed by the applied
magnetic field. In fact, they correspond to the steady vorticity field satisfying
the following singular equation (see (2.28) and (2.29)):

Lz, y,x|vg) 0 = — 20y, Ad + (v + v,,,) (v, grad) 8, (4.1)
and the boundary condition:

w—>0 as 224+y%—> o0 (4.2)
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These equations are solved by Hasimoto (1960) for the case P, = 1, and the
solution is:

w= '%1 w;(z,y), (4.3)
w; = (2m)7 exp ([{ug— (— 1) ay,} x +vy)/2v) Ko(r[{uy — (— 1)t a,,}2 + 03] /20). (4.4)

This shows that an oblique twin wake appears in the crossed uniform flow (figure
6). The extension of this result to the case of P, < 1 is an interesting problem;
however, no positive results have yet been obtained. On the basis of our previous
results (although we cannot obtain a simple analytical expression) we can easily
arrive at a conjecture upon the vorticity distribution as shown in figure 7.
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- // e e Ve s -
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~ s ~ e e e e e
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~ ~ 7
- ~7
~ - \\ e e - e // .
~ Ve e -
T~a T~ <\ - Pl - T
~ - ~ ~/ 7 v e P
-~ ~ - - —
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Ficure 7. A conjecture upon the vorticity distribution in the
crossed uniform flow case with P,, ~ 1.
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